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We investigate noise effects on the performance of entanglement distribution by separable state. We consider
a realistic situation in which the mediating particle between two distant nodes of the network goes through a
noisy channel. For a large class of noise models we show that the average value of distributed entanglement
between two parties is equal to entanglement between particular bipartite partitions of target qubits and exchange
qubit in intermediate steps of the protocol. This result is valid for distributing two qubit/qudit and three qubit
entangled states. In explicit examples of the noise family, we show that there exists a critical value of noise
parameter beyond which distribution of distillable entanglement is not possible. Furthermore, we determine
how this critical value increases in terms of Hilbert space dimension, when distributing d-dimensional Bell
states.
PACS numbers: 03.65.Yz , 03.67.Bg
I. INTRODUCTION
The main obstacle in realization of quantum information
tasks is sensitivity of quantum systems to noise [1]. Within
computation or communication processes, any quantum system
experiences noise which is due to the interaction between the
system and its surrounding environment. As a result of these
unavoidable interactions, quantum properties of the systems
are disturbed or even destroyed. Error correcting codes and
quantum feedback control schemes [2] are known as powerful
tools for reliable communication or storage of information. In
addition to that, for realization of any quantum information
task and designing successful experiments, it is essential to
analyse the noise effects on given protocols. Amongst the
most important protocols are those designed for construction of
quantum networks [3]. As quantum network developments are
based on reliable entanglement distribution between network
nodes, it is of utmost importance to inspect the possible effects
of noise on any proposals of entanglement distribution.
While entanglement can be generated between particles
in an isolated laboratory, entanglement distribution between
distant nodes of a network is challenging because by local
operations and classical communication (LOCC) entanglement
can not be generated [4]. There are different approaches for
entanglement distribution using different sorts of resources and
methods [5–7]. One interesting example of such approaches is
introduced in [8] which is known as entanglement distribution
by separable states (EDSS). In this approach (depicted in figure
1) no initial entanglement in the system is required. Alice and
Bob who are in distant labs have qubits a and b respectively.
The aim is to make qubits a and b entangled. One ancillary
qubit labelled by c is required as mediating particle, through
which qubits a and b interact with each other. The initial state
of three qubits a, b and c is separable and during all the steps
of the protocol shown in figure 1, qubit c remains in separable
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state with qubits a and b. However, at the end of the protocol,
either maximally entangled state is shared between a and b
with non-zero probability (If Bob measures qubit c at step
V of figure 1) or a deterministic approach can be followed
to generate entanglement with value less than one ( If Bob
performs a completely positive trace preserving map (CPT map)
on qubits b and c which are in his lab at step V of figure 1).
This method of entanglement distribution has recently been
successfully tested experimentally [9] and is generalized to
continuous-variable entanglement distribution [10]. Systematic
method of the protocol for distributing d-dimensional Bell states
and GHZ states is introduced in [11]. It is also shown that
difference between entanglement in partition b|ac at stage IV of
figure (1) and entanglement in partition a|bc at stage II of figure
(1) is bounded by quantum discord between qubit c and qubits
ab at state IV of the figure (1) [12]. This result is generalized
to the case when qubit c goes through a noisy channel [13].
Furthermore when initial resource of entangled pair is available
in one lab, sharing that entanglement by sending one part
through the noisy channel is studied in [14].
Here we are interested in actual amount of distillable en-
tanglement that can be distributed between distant labs in
EDSS protocol (no initial entanglement is required) when the
exchanged particles go through noisy channels. For a large and
important class of quantum channels, we show that, average
value of distillable entanglement distributed between qubits
a and b is equal to the distillable entanglement remained in
bipartite partition a|bc and b|ac after noise affects the protocol.
In other words, although the exchange qubit is in separable state
with the target qubits during the whole protocol, distributing
entanglement between qubits a and b is possible if entanglement
in partitions a|bc and b|ac does not vanish when c goes through
the noisy channel. We extend our studies to the case of entangle-
ment distribution between three distant labs by analysing GHZ
state distribution when exchange qubits are transferred through
noisy channels. We discuss the role of distillable entanglement
between different partitions in intermediate steps, for successful
entanglement distribution between distant labs. We also study
the performance of EDSS protocol for sharing d- dimensional
two partite entangled states in presence of noise (see appendix
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FIG. 1. Steps of entanglement distribution by separable states. Alice
and Bob want to make their qubits a and b entangled while they are
far from each other. In step II Alice interacts her qubit with ancilla c.
In step III Alice sends the ancilla qubit to Bob. Bob interacts his qubit
with the ancilla qubit received from Alice (step IV). In step V Bob either
measures ancilla qubit c or performs a local channel on qubits b and c
to make qubits a and b entangled.
C).
The structure of this paper is as follows: In sec II we set
our notation and briefly review EDSS protocol. Section III is
devoted to parametrization of qubit quantum noisy channels. In
section IV we study the effect of noise on the performance of
the EDSS protocol for distributing two-qubit entangled states
both in probabilistic and deterministic approaches. Effect of
noise on distributing GHZ states between three distant qubits is
studied in section V. Conclusions will be drawn in section VI.
II. ENTANGLEMENT DISTRIBUTION BY SEPARABLE
STATES
In this section we review the main steps of EDSS protocol
which was first introduced in [8]. We set our notation as follows:
• The order of parties on the right hand side of each equa-
tion, follows the order of labels in the left hand side of that
equation. For example ρx,y = Ω ⊗ σ is equivalent with
ρx,y = Ωx ⊗ σy , or |ψ〉xyz = |φ〉|0〉 is equivalent with
|ψ〉xyz = |φ〉xy|0〉z
• n partite GHZ state in d dimensional Hilbert space is de-
noted by |GHZ(d)n 〉:
|GHZ(d)n 〉 =
1√
d
d−1∑
i=0
|i〉⊗n.
• Projective operators are denoted by Πi1,i2,···in =
|i1, i2, · · · , in〉〈i1, i2, · · · , in|.
• CNOT operator with control qudit x and target qudit y,
is represented by Cxy . Its action on two qudits is given
by: Cx,y|i, j〉x,y = |i, j + i〉 . Similar notation is applied
for its inverse, C(−1)x,y which is defined by C
(−1)
x,y |i, j〉x,y =
|i, j − i〉. All the sums are in mode d.
By using this notation, EDSS protocol for distributing entan-
glement between two qubits a and b which are respectively in
Alice’s and Bob’s distant labs, is described in the following:
Initial state of the protocol ρ(0)abc (step I in figure (1)), is a
separable state which is described by:
ρ
(0)
abc =
1
6
3∑
k=0
|ψk, ψ−k, 0〉〈ψk, ψ−k, 0|+ 1
6
1∑
i=0
|i, i, 1〉〈i, i, 1|,
(1)
where |ψk〉 = 1√2
(
|0〉+ e ikpi2 |1〉
)
. Alice performs CNOT gate
on qubit a and ancilla qubit c which is initially in her lab (step II
in figure (1)). This action results the following state:
ρ
(1)
abc = Cac(ρ
(0)
abc) =
1
3
|GHZ(2)3 〉〈GHZ(2)3 |+
1∑
i,j,k=0
βijkΠijk,
(2)
where βijk = 16 if j 6= k, otherwise it is zero. After applying
CNOT, Alice sends qubit c to Bob through an ideal communica-
tion channel (step III in figure (1)). Bob applies CNOT gate to
qubits b and c (step IV in figure (1)) which gives the following
three-qubit state:
ρ
(2)
abc = Cbc(ρ
(1)
abc) =
1
3
|ψ+〉〈ψ+| ⊗ |0〉〈0|+ 1
6
I2 ⊗ I2 ⊗ |1〉〈1|,
(3)
where I2 is two by two identity matrix and |ψ+〉 =
1√
2
(|00〉 + |11〉) is a maximally entangled state. The final
step for entanglement distribution between qubits a and b, is
either performing a measurement on qubit c, or performing a
quantum channel on qubits b and c by Bob (step V in figure (1)).
If Bob measures qubit c in computational basis, |ψ+〉 is
shared between a and b with probability 13 and with probability
2
3 the protocol is unsuccessful as separable state is shared
between qubits a and b. Hence on average entanglement
distributed between Alice and Bob is equal to 13 .
To avoid probabilistic effects, instead of measurement,
Bob can perform local quantum channel on qubits b and c given
by
Φbc(ρ) =
3∑
j=1
A
(j)
bc ρA
(j)†
bc , (4)
3with Kraus operators:
A
(1)
bc = I2 ⊗ |0〉〈0|, A(2)bc = |01〉〈01|, A(3)bc = |01〉〈11|.
Final state of qubits a and b after the action of the channel Φbc
and tracing over qubit c is given by:
ρab = trc(Φbc(ρ
(2)
abc)) =
1
3
|ψ+〉〈ψ+|+ 1
3
I⊗ |0〉〈0|. (5)
Entanglement shared between qubits a and b quantifying by
concurrence [15] (see appendix A for concurrence definition)
is equal to 13 . It is worth noticing that if other measures are
used for quantifying entanglement, average value of distributed
entanglement in probabilistic approach is not necessarily equal
to the amount of entanglement distributed in deterministic
approach.
During all steps of EDSS protocol, ancilla qubit c is in
separable state with rest of the qubits. More precisely entan-
glement between partitions c|a, c|b and c|ab is zero during the
process. As qubit c does not have entanglement with other parts
of the system to be disturbed by noise, it may be expected that
the protocol can be run successfully even if the communication
channel between Alice and Bob is noisy. However, as we will
discuss entanglement between partitions a|bc and partitions
b|ac generated during the EDSS protocol, are sensitive to noise.
Hence, to consider a more realistic situation and also for better
understanding the key features behind the success of EDSS
protocol, in what follows we consider the situation ancilla c
experience noise when it is transferred from Alice to Bob.
III. QUANTUM COMMUNICATION CHANNELS
In EDSS protocol distant qubits in Alice’s and Bob’s lab inter-
act with each other through the exchange particle namely qubit
c. In ideal scenario, this transmission is done through an ideal
communication channel which has no effect on this qubit. This
is while in realistic situations, communication channel expose
noise on the exchange qubit. Before going to the details on noise
effect on EDSS protocol, we remind the reader that any kind of
noise on a system with density matrix ρ, is described by com-
pletely positive trace preserving (CPT) map E :
E(ρ) =
∑
k
AkρA
†
k, (6)
where Ak’s are known as Kraus operators and satisfy∑
k A
†
kAk = I . For the case of CPT maps on qubits, another
useful channel representation is given by affine map. To intro-
duced the affine map, characterization of qubit by Bloch vector ~r
is used. It is known that any qubit can be represented as follows:
ρ =
1
2
(I + ~r.σ) (7)
where I is two dimensional identity matrix, σi’s are Pauli oper-
ators and ~r is Bloch vector with |r| < 1. In this representation,
any CPT map E is described by affine map as follows:
E : ~r → Λ~r + ~d. (8)
Where Λ is a three by three matrix and ~d is a three dimensional
vector. In [16] it has been shown that by change of basis, any
qubit CPT map E corresponds to a canonical CPT map Ec de-
scribed by:
Λd =
 λ1 0 00 λ2 0
0 0 λ3
 , t =
 t1t2
t3
 . (9)
That is E(ρ) = UEc(V ρV †)U†. Indeed completely positivity
impose constraints on the elements of Λd and ~t [16, 17]. In our
analysis, we restrict our attention to canonical channels as char-
acterized in equation (9) with t1 = t2 = 0. This class includes
important family of quantum channels. For t3 = 0, it represents
the general form of unital channels (channels that map identity
to identity) which correspond to the important family of Pauli
channels. When t3 6= 0, the channel is non-unital and important
amplitude damping channel is included in this subclass. Fur-
thermore, extreme points of the set of CPT maps are included in
this subclass. It has been shown that a channel characterized by
equation (9), is an extreme point of the set of CPT maps if and
only if at most one of the tks is non-zero (by convention this is
t3) and also (λ1 ± λ2)2 = (1 ± λ3)2 − t23 [18]. The fact that
any CPT map can be written in terms of these extreme points,
highlights the importance of considering this class of quantum
channels for our analysis. Furthermore, this class covers a large
family of qubit channels which usually appear in experimental
settings. Hence analysing the effect of this class of noisy chan-
nels on EDSS protocol provides us with great insight about the
robustness of this protocol against wide range of noises.
IV. NOISE EFFECTS ON DISTRIBUTING TWO-QUBIT
ENTANGLED STATES
In this section we study a more realistic scenario for entan-
glement distribution where the communication channel is noisy.
We consider class of noisy channels characterized by equation
(9) with t1 = t2 = 0 and t3 = t. After presenting the general
results we discuss two important examples of depolarizing and
amplitude damping channels.
In EDSS protocol, after the preparation made in Alice’s
lab, state of three qubits is described by ρ(1)abc in equation (2). By
sending the ancillary qubit c through the noisy channel state of
all qubits is given by
ρ
(1)′
abc = E(ρ(1)abc)
=
1
6
1∑
m=0
Πm,m ⊗ (I + tσz)
+
1
12
∑
m 6=n
Πm,n ⊗
(
I + (t+ (−1)mλ3)σz
)
+
1
12
∑
m 6=n
|m,m〉〈n, n| ⊗ (λ1σx + i(−1)mλ2σy)
(10)
4When Bob receives qubit c, he follows the regular steps of EDSS
algorithm by applying CNOT on qubits b and c. Since
C1,2(|m〉1〈n| ⊗ ρ2) = |m〉1〈n| ⊗ σmx ρ2σnx , (11)
after action of CNOT by Bob, the state of three qubits is de-
scribed by
ρ
(2)′
abc = Cbc(ρ
(1)′
abc ) = q0ρ
(0)
ab ⊗ |0〉〈0|+ q1ρ(1)ab ⊗ |1〉〈1|, (12)
where
ql =
3− gl
6
, l = 0, 1, (13)
and
ρ
(l)
ab =
1
12ql
(
2hl
∑
m 6=n
|m〉〈n|⊗2 + 2
1∑
m=0
fl+mΠm,m
+
∑
m
(fl+m+1 − gl)Πm,m+1
)
, (14)
in which
fl :=
(
1 + (−1)lt
)
gl := (−1)lλ3
hl :=
1
2
(λ1 + (−1)lλ2). (15)
Hence if Bob, measures qubit c in computational basis, state of
qubits a and b is projected either to ρ(0)ab or ρ
(1)
ab with probability
q0 and q1 respectively. Therefore, the average distributed entan-
glement quantified by negativity [19] (For details about negativ-
ity see Appendix B) is given by
N¯(ρab) = q0Na|b(ρ
(0)
ab ) + q1Na|b(ρ
(1)
ab ). (16)
On the other hand, entanglement between a and bc before Bob’s
measurement, i.e entanglement in partitions a|bc of ρ(2)′abc is given
by
Na|bc(ρ
(2)′
abc ) = q0Na|bc(ρ
(0)
ab ⊗ |0〉〈0|) + q1Na|bc(ρ(1)ab ⊗ |1〉〈1|)
= q0Na|b(ρ
(0)
ab ) + q1Na|b(ρ
(1)
ab )
= N¯(ρab), (17)
where in the first equality we use the block diagonal form of ρ(2)
′
abc
and second equality is valid because the negative eigenvalues of
X⊗|k〉〈k| are equal to negative eigenvalues of X . Last equality
is found by comparing equations (16) and (17). By repeating this
argument for entanglement between partitions b and ac we find
that
Nb|ac(ρ
(2)′
abc ) = N¯(ρab). (18)
Considering that entanglement between a and bc does not change
under unitary evolution of bc we have
Na|bc(ρ
(1)′
abc ) = Na|bc(ρ
(2)′
abc ). (19)
By passing qubit c through the noisy channel entanglement
in partitions a|bc is disturbed. From equations (17), (18) and
(19) we conclude that the amount of distillable entanglement
remained in partition a|bc after noise affects c, is mapped to
distillable entanglement between partitions a|bc and b|ac by
action of CNOT on qubits b and c in Bob’s lab. This amount
of distillable entanglement is the average of entanglement
one gains between qubits a and b if qubit c is measured in
computational basis. In summary
N¯a|b(ρab) = Na|bc(ρ
(1)′
abc ) = Na|bc(ρ
(2)′
abc ) = Nb|ac(ρ
(2)′
abc ). (20)
Hence if noise completely destroys the distillable entanglement
between partitions a|bc and b|ac, average distributed entan-
glement N¯a|b(ρab), is zero or in other words, no distillable
entanglement is distributed among distant qubits a and b. This
result is valid for a large class of channels described by (9)
with t1 = t2 = 0 and highlights the fact that the success of
EDSS protocol relies on the entanglement generated between
partitions a|bc and b|ac in intermediate steps of the protocol.
A. Depolarising channel
An important subset of quantum channels, are unital channels
which are described by affine transformation in (9) with ~t = 0.
All Pauli channels are obtained by proper choice of λ1, λ2 and
λ3. One important example of Pauli channels is depolarizing
channel in which all Pauli operators perform as error operators
with same probability. It is straightforward to show that such a
channel is described as follows:
E(ρ) = (1− p)ρ+ p
2
I (21)
As it is seen in the above equation, each input state remains in-
variant with probability (1− p) and it may be changed to a com-
pletely mixed state (no information from initial state is remained
in the output) with probability p. Hence it is expected that such
a communication channel has strong effects on any protocol in-
cluding EDSS protocol. This channel corresponds to an affine
map of form (9) with λ1 = λ2 = λ3 = 1−p and ~t = 0. Regard-
ing equations (12) and (14), state shared between three qubits
a, b and c before performing measurement by Bob is described
by
ρ
(2)′
abc = q0ρ
(0)
ab ⊗ |0〉〈0|+ (1− q0)ρ(1)ab ⊗ |1〉〈1|, (22)
in which
q0 =
2 + p
6
, (23)
and
ρ
(0)
ab =
1
2 + p
(∑
m
Πmm +
p
2
∑
m6=n
Πmn + (1− p)
∑
m 6=n
|m〉〈n|⊗2
)
,
ρ
(1)
ab =
1
4− p
(∑
m
Πmm +
2− p
2
∑
m6=n
Πmn
)
. (24)
5When Bob measures qubit c in computational basis, if the out-
come of the measurement is |1〉 a separable state ρ(1)ab is shared
between Alice and Bob and the protocol is unsuccessful in dis-
tributing entanglement between qubits a and b. But if the out-
come of measurement is |0〉, state of qubits a and b is projected
onto an entangled state ρ(0)ab with success probability ps = q0. In
this case the amount of shared entanglement quantified by nega-
tivity is given by.
Na|b(ρ
(0)
ab ) =
{ 2−3p
2+p , 0 ≤ p ≤ 23
0, 23 ≤ p ≤ 1
. (25)
Hence average value of shared entanglement is found to be
N¯a|b(ρab) = psNa|b(ρ
(0)
ab ) =
{ 2−3p
6 , 0 ≤ p ≤ 23
0, 23 ≤ p ≤ 1
. (26)
As expected average of shared entanglement decreases as the
noise parameter increases and vanished for p ≥ 23 . Regarding
equation (20), we conclude that when noise parameter goes
beyond this critical value, pc = 23 , distillable entanglement in
partitions a|bc and b|ac is broken and hence protocol is not
successful in distributing entanglement.
If instead of measuring qubit c, Bob applies the quantum
channel in (4), on qubits b and c, the outcome is described by
χab = trc(Φbc(ρ
(2)′
abc ))
=
1− p
3
(|ψ+〉〈ψ+|+ I⊗ |0〉〈0|)
+
p
12
(
1∑
i=0
|i, i〉〈i, i|+ I⊗ I + 3I⊗ |0〉〈0|). (27)
In this deterministic approach the amount of shared entangle-
ment between Alice and Bob for 0 ≤ p < 3−
√
5
2 is:
Na|b(χab) =
1
12
(
√
17p2 − 40p+ 32− p− 4), (28)
which is a decreasing function of p. For 3−
√
5
2 ≤ p ≤ 1, en-
tanglement can not be shared between Alice and Bob. Average
value of shared entanglement in probabilistic approach (equa-
tion (26)) and value of distributed entanglement in deterministic
approach (equation (28)) are shown in figure (2) versus noise
parameter p. As it is seen in this figure, in probabilistic ap-
proach higher value of entanglement can be distributed on av-
erage. Moreover, probabilistic approach is more robust against
noise in the sense that the protocol is successful up to a higher
value of noise parameter.
B. Amplitude damping channel
As an important example of non-unital channels we consider
amplitude damping channel which models a typical source of
N a b (ρab)
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FIG. 2. Dashed red line: Average entanglement distributed between
qubits a and b (equation (26)) in probabilistic approach versus noise
parameter p. Solid blue line: Entanglement distributed between qubits
a and b (equation (28)) in deterministic approach versus noise parameter
p. In both cases the communication channel in depolarizing channel.
noise resulting from interaction of a single atom with a bosonic
bath. This channel is characterized by λ1 = λ2 =
√
1− γ,
λ3 = λ
2
1 and t3 = γ. Apart from its practical applications,
amplitude damping channel has interesting theoretical charac-
teristics such as being an extreme point of the set of CPT maps.
Motivated by these, in this subsection we describe the effect of
this channel on EDSS protocol.
Following the general solution given in equations (12) and
(14), state of three qubits after passing qubit c through the
amplitude damping channel and performing CNOT on qubits b
and c is described by:
ρ
(2)′
abc = p0ρ
(0)
ab ⊗ |0〉〈0|+ (1− p0)ρ(1)ab ⊗ |1〉〈1|, (29)
where p0 = 2+γ6 and
ρ
(0)
ab =
1
2 + γ
(∑
m
(1 + (−1)mγ)Πm,m + γΠ10
+
√
1− γ
∑
i6=j
|i, i〉〈j, j|
)
,
ρ
(1)
ab =
1
4− γ
(
I ⊗ I − γ(I ⊗Π0 −Π1,1)
)
.
(30)
When Bob measures qubit c, if the outcome of measurement is
|0〉, entangled state ρ(0)ab as in equation (30) is shared between
qubits a and b. Negativity of this state is given by
Na|b(ρ
(0)
ab ) =
2− 2γ
2 + γ
, 0 ≤ γ ≤ 1. (31)
Hence the average value of entanglement shared between qubits
a and b at distance labs is found to be
N¯a|b(ρab) = p0Na|b(ρ
(0)
ab ) =
1− γ
3
. (32)
As expected average of shared entanglement decreases as the
noise parameter increases. It is worth noticing that unlike de-
polarizing noise, when the communication channel is amplitude
6N
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FIG. 3. Dashed red line: Average entanglement distributed between
qubits a and b (equation (32)) in probabilistic approach versus noise pa-
rameter γ . Solid blue line: Entanglement distributed between qubits
a and b (equation (34)) in deterministic approach versus noise parame-
ter γ. In both cases the communication channel is amplitude damping
channel.
damping, it is possible to distribute entanglement for all values
of noise parameters except γ = 1. In other words depolarizing
channels appears to be more destructive for EDSS protocol.
If instead of measuring qubit c, Bob applies the quantum
channel in equation (4) on qubits b and c, the outcome is
described by
χab =
1
6
(∑
m
(1 + (−1)mγ)Πmm + 2γΠ10
+ (2− γ)I ⊗Π0 +
√
1− γ
∑
m 6=n
|mm〉〈nn| (33)
We can quantify the entanglement of this state by using Negativ-
ity:
Na|b(χab) =
√
8 + γ2 − 2− γ
6
(34)
Average value of shared entanglement in probabilistic approach
(equation (32)) and value of distributed entanglement in deter-
ministic approach (equation (34)) are shown in figure (3) versus
noise parameter γ. As it is seen in this figure, in probabilistic
approach higher value of entanglement can be distributed on av-
erage. Similar effect is seen in (2) when communication channel
is depolarizing channel. Hence in what follows we focus on the
probabilistic approach for distributing GHZ state in presence of
noise. Distribution of d-dimensional maximally entangled states
is addressed in appendix C.
V. NOISE EFFECTS ON DISTRIBUTING THREE-QUBIT
ENTANGLED STATES
While in the previous sections we studied the noise effect on
distributing entanglement between two parties, in this section we
study the effect of noise on distributing entanglement between
qubits a, b and c which are respectively in Alice’s, Bob’s and
Charlie’s labs. In [11] it is shown that by using two ancillary
qubits d1 and d2 it is possible to distribute a GHZ state between
three distant labs with probabilistic EDSS protocol, if the initial
separable state is prepared in the following form
σ
(0)
abcD =
4
49
6∑
k=0
|ω(k)〉〈ω(k)| ⊗Π0,0
+
1
14
1∑
m=0
Πmmm ⊗ (I⊗ I−Π00), (35)
in which we have used the abbreviated notation D = d1d2. and
|ω(k)〉abc = |φ1(k), φ2(k), φ3(k)〉,
with
|φn(k)〉 = 1√
2
(|0〉+ e 2
npiik
7 |1〉). (36)
Initially ancillary qubits are in Alice lab. She applies CNOT
gates to qubits a and d1 and also on a and d2 ( in both cases
qubit a is controlled qubit) which results the following state:
σ
(1)
abcD =
1
7
|GHZ(2)5 〉〈GHZ(2)5 |
+
1
14
( 3∑
i=1
(Π00i + Π0i0) +
2∑
i=0
(Π13i + Π1i3)
)
.
(37)
where |0〉 ≡ |00〉, |1〉 ≡ |01〉, |2〉 ≡ |10〉, |3〉 ≡ |11〉. Actu-
ally by performing CNOT, Alice generates correlatation between
qubit a and ancillary qubits d1 and d2 through which all qubits
a, b and c must interact with each other. Then, she sends ancil-
lary qubits d1 and d2, respectively to Bob and Charlie through
identical independent channels characterized as in equation (9)
with t1 = t2=0 and t3 = t. Hence after Bob and Charlie receive
the ancillary qubits from Alice the whole state is described by
σ
(1)′
abcD = (Ed1 ⊗ Ed2)(σ(1)abcD)
=
1
14
∑
m 6=n
|m〉〈n|⊗3 ⊗ E(|m〉〈n|)⊗2
+
1
14
∑
m
Π⊗3m ⊗
(
E(I)⊗2 − E(Πm)⊗2
)
+
1
14
∑
m
Πm ⊗ I⊗2 ⊗ E(Πm)⊗2,
(38)
where
E(Πm) = 1
2
(
I + (t+ (−1)mλ3)σz
)
E(|m〉〈n|) = 1
2
(
λ1σx + i(−1)mλ2σy
)
m 6= n (39)
Then Bob and Charlie perform CNOT gates on qubits b − d1
and c − d2 (ancillary qubits are target qubits) and produce the
7following state:
σ
(2)′
abcD =
1∑
l,l′=0
q
l,l′σ
(l,l′)
abc ⊗ |l, l′〉〈l, l′|, (40)
where
q
l,l′ =
8 + 3(1− fl)(1− fl′)− (1 + gl)(1 + gl′)
28
, (41)
and
σ
(l,l′)
abc =
1
56q
l,l′
(
4hlhl′
∑
m6=n
|m〉〈n|⊗3
+
∑
m
(
4fl+mfl′+m − (fl+m + gl)(fl′+m + gl′)
)
Π⊗3m
+
∑
m,n,n′
(fl+n + gl+m+n)(fl′+n′ + gl′+m+n′)Πmnn′
)
.
(42)
Coefficients fl, gl and hl are defined in equations (15). If mea-
suring ancillary qubits d1 and d2 in computational basis results
|l.l′〉d1,d2 , state σ(l,l
′)
abc is shared between qubits a and b and c
with probability q
l,l′ . Hence
N¯x|yz(σabc) =
∑
l,l′
q
l,l′Nx|yz(σ
(l,l′)
abc ) (43)
where x|yz can be any permutation of a|bc. On the other hand
block diagonal structure of density matrix in equation (40) sug-
gests that the
Nx|yzD(σ
(2)′
abcD) =
∑
l,l′
q
l,l′Nx|yzD(σ
(l,l′)
abc ⊗ |l, l′〉〈l, l′|)
=
∑
l,l′
q
l,l′Nx|yz(σ
(l,l′)
abc ) (44)
Comparing equations (43) and (44) we conclude that the average
value of distillable entanglement shared in partition x|yz is equal
to the entanglement in partition x|yzD before the measurement.
N¯x|yz(σabc) = Nx|yzD(σ
(2)′
abcD). (45)
Furthermore, since local unitary operation do not change the
value of negativity we have:
N¯a|bc(σabc) = Na|bcD(σ
(2)′
abcD) = Na|bcD(σ
(1)′
abcD), (46)
which means that the average entanglement distributed in par-
tition a|bc is equal to the amount of entanglement remained in
partition a|bcD after the effect of noise in communication chan-
nel.
A. Depolarising Channel
In this subsection as an example we assume that the commu-
nication channels are depolarising channels, that is λ1 = λ2 =
λ3 = 1 − p and ~t = 0. Since for this channel hl = (1 − p)δl,0,
(see equation (15)) it is apparent that when Bob and Charlie mea-
sure ancilla qubits d1 and d2 in computational basis, if the out-
come of measurement is |00〉, entanglement is distributed be-
tween qubits a, b and c and state of three qubits is given by
σ
(00)
abc =
1
4 + 4p− p2 (4(1− p)
2|GHZ3(2)〉〈GHZ3(2)|
+
8p− 5p2
2
∑
m
Πmmm
+ p(1− p)I⊗
∑
m 6=n
Πmn +
p2
2
I⊗3), (47)
For other measurement outcomes, state of qubits a, b and c is
separable, hence the success probability of distributing an en-
tangled states between target qubits is equal to the probability of
having |00〉 when measuring qubits d1 and d2, that is
ps = q0,0 =
4 + 4p− p2
28
, (48)
In the ideal case that the communication channel is not noisy
(p = 0) if the outcome of measurement is |00〉, three qubit
GHZ state is distributed in which entanglement between each
two pairs is zero and each qubit is in maximally entangled state
with other two qubits. In presence of noise, in the best case
we obtain state σ(00)abc as in equation (47). It is easy to see that
entanglement between each two qubits in σ(00)abc is zero, similar
to the ideal case. To analyse entanglement between one of
the qubits and the rest of the system we compute negativity in
different partitions:
Na|bc(σ
(00)
abc ) =
{ 4−8p+3p2
4+4p−p2 , 0 ≤ p ≤ 23
0, 23 ≤ p ≤ 1
, (49)
and
Nb|ac(σ
(00)
abc ) =
{ 4−10p+5p2
4+4p−p2 , 0 ≤ p ≤
√
5−1√
5
0,
√
5−1√
5
≤ p ≤ 1
. (50)
Due to the symmetric role of qubits b and c in the proto-
col we have Nb|ac(σ
(00)
abc ) = Nc|ab(σ
(00)
abc ) and we expect that
Na|bc(σ
(00)
abc ) be different from those because of the different role
of qubit a in comparison with qubits b and c. Following the gen-
eral discussions made in this section, we have
Na|bcD(σ
(2)′
abcD) = N¯a|bc(σabc) =
{
4−8p+3p2
28 , p ≤ 23
0, p > 23
, (51)
and
Nb|acD(σ
(2)′
abcD) = N¯b|ac(σabc) =
{ 4−10p+5p2
28 , p ≤
√
5−1√
5
0, p >
√
5−1√
5
.
(52)
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FIG. 4. Average negativity N¯a|bc (solid blue line) and N¯b|ac (dashed red
line) of state generated between qubits a, b and c versus noise parameter
p when communication channels are depolarizing channels.
Hence when distillable entanglement between a and bcD
breaks down due to the noise effect, no distillable entanglement
can be distributed between a and bc. Similarly, if distillable
entanglement between b and acD vanished due to the noise, no
distillable entanglement is shared in partitions b|ac and c|ab
(Nc|abD(σ
(2)′
abcD) = Nb|acD(σ
(2)′
abcD) = N¯b|ac(σabc)). Figure
(4) shows these quantities versus noise parameter p. As p
increases entanglement in all mentioned bipartition decreases.
Furthermore, by increasing p, it is seen that Na|bc(σabc) (solid
blue line) deviates more from Nb|ac(σabc) = Nc|ab(σabc)
(dashed red line). It shows that the entanglement pattern in σabc
deviates more from entanglement pattern of an ideal GHZ state
as p increases.
B. Amplitude damping Channel
For the case of having amplitude damping channel (λ1 =
λ2 =
√
1− γ, λ3 = λ21 and t3 = γ) when Bob and Char-
lie measure ancillary qubits d1 and d2 in computational basis,
for all values of measurement separable state is shared between
qubits a, b and c unless the outcome of measurement is |00〉. In
such a case shared state is given by
σ
(00)
abc =
1
2 + 2γ + γ2
(
(1− γ)
∑
m 6=n
|m〉〈n|⊗3
+
∑
m
(1 + (−1)mγ)2Πmmm
+ γ(1− γ)
∑
m
Π1,m,m+1 + γ
2Π100
)
(53)
with success probability:
ps = q00 =
2 + 2γ + γ2
14
, (54)
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FIG. 5. Average negativity N¯a|bc (solid blue line) andN¯b|ac (dashed red
line) of state generated between qubits a, b and c versus noise parameter
γ when communication channels are amplitude damping channels
Entanglement between different bipartitions of this state are de-
scribed as:
Na|bc(σ
(00)
abc ) =
√
γ4 + (2γ − 2)2 − γ2
γ2 + 2γ + 2
, (55)
and
Nb|ac(σ
(00)
abc ) = Nc|ab(σ
(00)
abc ) =
(1− γ)(
√
γ2 + 4− γ)
γ2 + 2γ + 2
, (56)
For entanglement between target qubits and exchange qubits be-
fore the final measurements we have:
Na|bcD(σ
(2)′
abcD) = N¯a|bc(σ
(00)
abc ) =
√
γ4 + 4(1− γ)2 − γ2
14
,
(57)
and
Nb|acD(σ
(2)′
abcD) = Nc|abD(σ
(2)′
abcD) = N¯b|ac(σ
(00)
abc )
=
(1− γ)(
√
γ2 + 4− γ)
14
. (58)
Figure (5) shows average distillable entanglement distributed be-
tween partitions a|bc, b|ac and c|ab in presence of amplitude
damping noise. As it is seen in this figure, amount of dis-
tributed entanglement reduces with noise parameter γ. Compar-
ison with the case of having depolarizing noise results that the
EDSS for distributing three-qubit entangled state is more suc-
cessful in presence of amplitude damping noise rather than de-
polarizing noise.
VI. SUMMARY AND CONCLUSION
Consideration of noise effects on EDSS protocol is essential
due to its application in realization and expansions of quantum
networks. In this work we have shown that there exist an
interesting relation between the success of EDSS protocol in
presence of noise and robustness of bipartite entanglement in
particular partitions of the system, against noise.
9For distributing entanglement between two qubits a and b,
by means of a separable exchange qubit c, we showed that
average value of distributed entanglement between a and b,
is equal to the distillable entanglement in bipartite partitions
a|bc and c|ab after ancilla c is sent through a noisy channel
of kind (9) with t1 = t2 = 0. After obtaining the results for
this class of noisy channels, we studied depolarizing channel
and amplitude damping channel as important examples of this
class of quantum channel. By focusing on depolarizing channel
in which all errors are equally probable, we have shown that
there is a critical value of noise parameter pc, beyond which
entanglement between a|bc and b|ac disappear due to noise and
hence EDSS protocol is unsuccessful.
We showed that the relation found between average value
of distributed entanglement between target qubits and entan-
glement in different bipartite partitions in intermediate steps
of the protocol, is also valid when distributing entanglement
between three qubits is required. Actually we have shown that
for distributing tripartite entangled state between qubits a, b and
c, distillable entanglement between bipartite partitions a|bcD,
b|acD and c|abD (by D = d1d2 we denote ancillary qubits)
after sending ancillary qubits through the noisy channel, is equal
to the average distillable entanglement distributed between
a|bc, b|ac and c|ab, respectively. Depolarizing and amplitude
damping channels are discussed as examples of the class on
noises studied.
In all of our analysis for distributing entanglement between
qubits we consider a large and important class of noisy channels.
Indeed using the characterization based on affine transformation
given in equation (9) plays an important role in obtaining the
result. For distributing d-dimensional two partite entangled
states we restricted our attention to depolarizing and amplitude
damping noisy channels. In appendix C we have shown that
for these two examples even in d-dimensional case average
value of distributed entanglement between a and b is equal to
distillable entanglement in bipartite partitions a|bc and c|ab after
exchange qudit c experiences noise in communication channel.
Our studies can be extended in many directions. For example
analysing noise effects on EDSS protocol for distributing
continuous-variable entangled states or in distributing n-partite
GHZ state, it is interesting to see how the performance of the
protocol scales with number of the parties in presence of noise
in communication channels.
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Appendix A: Concurrence
Concurrence which is a measure for quantifying entanglement
in a two qubit system describing by density matrix ρ is defined
as follows [15]:
C(ρ) = max{0, λ1 − λ2 − λ3 − λ4}, λ1 ≥ λ2 ≥ λ3 ≥ λ4,
(A1)
where λi sorting in decreasing order, are square root of eigen-
values of matrix ρρ˜ where ρ˜ is defined as:
ρ˜ = (σy ⊗ σy)ρ∗(σy ⊗ σy), (A2)
in which ρ∗ is the complex conjugate of ρ in computational ba-
sis: {|00〉, |01〉, |10〉, |11〉} and σy is the Pauli matrix: σy =
−i(|0〉〈1| − |1〉〈0|).
Appendix B: Negativity
Negativity is an entanglement measure which is based on an
partial transposition criterion for separability [20]. For a bipar-
tite system describing by density matrix ρ ∈ HA ⊗ HB, it is
defined as follows [19]:
N(ρ) =
‖ρTA‖1 − 1
d− 1 , (B1)
where ρTA is partial transpose of density matrix ρwith respect to
partition A, d = min{dimHA, dimHB} and ‖X‖ = tr
√
X†X
is the trace norm. Denoting the eigenvalues of ρTA by λis, neg-
ativity is given by
N(ρ) =
(
∑
i |λi|)− 1
d− 1 , (B2)
It is easy to see that negativity can be written in terms of negative
eigenvalues of ρTA as follows:
N(ρ) =
2
∑′
i |λi|
d− 1 . (B3)
where the summation
∑′
i is over negative eigenvalues of ρ
TA .
Appendix C: Noise effects on distributing two qudit entangled
states
In this appendix we analyse the effect of noise on distribut-
ing entanglement between two qudits. We consider two types of
noise: depolarizing channel and amplitude damping channel.
1. Depolarising channel
In sub-section IV A by analysing the effect of depolarizing
channel on EDSS protocol for distributing entanglement be-
tween two qubits, we showed that there is a critical value of
noise parameter, beyond which entanglement distribution is im-
possible. It naturally raises some question like how this critical
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value may depend on dimension of system and whether or not
in higher dimensions the protocol performs as well as it does in
two dimensional case. To answer these questions, we start our
analysis by considering a separable initial state which is shown
to be suitable for distributing d-dimensional Bell states between
Alice and Bob in ideal case [11]:
Ω
(0)
abc =
d
D(2d− 1)
D−1∑
k=0
|φ(k), φ(−k), 0〉〈φ(k), φ(−k), 0|
+
1
d(2d− 1)
∑
j 6=l
Πjj,l−j , (C1)
where
|φ(±k)〉 = 1√
d
d−1∑
j=0
w±sjk|j〉, k = 0, 1, . . . , D − 1,
with w = e
2pii
D , D = 2d − 1 and si = 2i − 1. Alice generates
entanglement between a and bc by performing CNOT gate on
qudits a and c which are initially in her lab:
Ω
(1)
abc = Cac(Ω
(0)
abc)
=
1
2d− 1 |GHZ
(d)
3 〉〈GHZ(d)3 |+
1
d(2d− 1)
∑
j 6=l
(Πjjl + Πjlj),
(C2)
Exchange qudit c, through which qudits a and b interact, is sent
to Bob through a depolarizing channel which is defined as fol-
lows:
E(X) = (1− p)X + p
d
tr(X)Id, (C3)
where Id is d-dimensional identity operator. After sending qudit
c through the noisy channel to Bob, the state of the all three
qudits is described by:
Ω
(1)′
abc = E(Ω(1)abc) = (1− p)Ω(1)abc
+
p
d2(2d− 1)
d d−1∑
j=0
Πjj +
∑
i 6=j
Πij
⊗ Id.
(C4)
In the next step Bob performs inverse CNOT gate on qudits b
and c which gives
Ω
(2)′
abc = C
−1
bc (Ω
(1)′
abc ) = (1− p)Ω(2)abc
+
p
d2(2d− 1)
(
(d− 1)
d−1∑
j,k=0
Πj,j,k−j +
d−1∑
j,k,l=0
Πj,l,k−l
)
,
(C5)
with
Ω
(2)
abc =
1
2d− 1 |χ0〉〈χ0| ⊗ |0〉〈0|
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FIG. 6. Average entanglement shared between qudits a and b, (equation
(C11)) versus noise parameter p for d = 2 (dashed red line), d = 3 (dot
dashed blue line) and d = 6 (solid green line) when communication
channel is depolarizing channel.
+
1
d(2d− 1)
∑
j 6=l
(Πj,l,j−l + Πj,j,l−j). (C6)
where |χ0〉 = 1√d
∑d−1
j=0 |jj〉 is d-dimensional maximally entan-
gled state. When Bob measures ancilla in computational basis,
the state of qudits a and b, is projected to separable state for any
outcome of measurement by except |0〉. If the outcome of the
measurement is |0〉, state of qudits a and b is projected to an
entangled state Ω(0)ab :
Ω
(0)
ab =
1
d+ p(d− 1)
(
d(1−p)|χ0〉〈χ0|+p
d−1∑
j=0
Πjj+
p
d
∑
j 6=l
Πjl
)
,
(C7)
Hence success probability of protocol in distributing entangle-
ment between a and b is equal to the probability of having out-
come |0〉 in measuring qudit c and is given by probability:
ps =
d+ p(d− 1)
d(2d− 1) . (C8)
Quantifying the entanglement properties of Ω(0)ab by negativity
we find that there is a critical value of noise probability
pc =
d
d+ 1
, (C9)
beyond which negativity is equal to zero and no distillable en-
tanglement can be shared between distant qudits a and b:
N(Ω
(0)
ab ) =
{ d−(d+1)p
d+(d−1)p , , 0 ≤ p ≤ pc
0, pc ≤ p ≤ 1
. (C10)
Hence for p ≤ pc average of distillable entanglement between a
and b is turned out to be
N¯a|b(Ωab) = psNa|b(Ω
(0)
ab ) =
d− (d+ 1)p
d(2d− 1) , (C11)
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FIG. 7. Critical value of error parameter pc versus d (dimension of
Hilbert space), beyond which distillable entanglement can not be dis-
tributed between distant qudits a and b by mediating particle c when
communication channel is depolarizing channel.
and for p > pc this quantity is zero. It is worth noticing that state
of three qudits before the final measurement has block diagonal
form, that is
Ω
(2)′
abc = psΩ
(0)
ab ⊗ |0〉〈0|+
d−1∑
i=1
piΩ
(i)
ab ⊗ |i〉〈i|, (C12)
where Ω(i)ab for i = 1 · · · d−1 are separable states. Regarding this
block-diagonal form of Ω(2)
′
abc and following the same arguments
as in section IV we conclude that
Na|bc(Ω
(2)′
abc ) = Nb|ac(Ω
(2)′
abc ) = N¯a|b(Ωab), (C13)
where the first equality is due to the fact that Ω(2)
′
abc in equation
(C5) is invariant under permutation of indices a and b. Further-
more, since unitary action on qudits b and c can not change the
entanglement between partitions a and bc we have
Na|bc(Ω
(1)′
abc ) = Nb|ac(Ω
(2)′
abc ). (C14)
Hence what we found for distributing two qubit entangled state
is valid for arbitrary dimension. That is, while exchange parti-
cle is always in separable state with rest of the system, as long
as distillable entanglement between partitions a|bc and b|ac is
not vanishing due to the noise, it is possible to distribute distill-
able entanglement between distant qudits by probabilistic EDSS
protocol. Figure (6) shows average distillable entanglement
N¯a|b(Ωab) shared between qudits a and b versus noise param-
eter p for d = 2 (red dashed line), d = 3 (blue dash-dotted
line) and d = 6 (green solid line). As it is seen in this figure,
by increasing the dimension of Hilbert space, the entanglement
decreases more slowly with p. It means that as the dimension in-
creases the protocol is useful for distributing entanglement up to
higher value of noise parameter which is given by pc. Figure (7),
shows the increase of pc versus d, dimension of Hilbert space.
2. Amplitude damping noise
This part is devoted to analyse the effect of amplitude damp-
ing noise on d-dimensional EDSS protocol. Amplitude damping
channel on qudits is defined by
E(ρ) =
d−1∑
m=0
EmρE
†
m, (C15)
in which
E0 = |0〉〈0|+
d−1∑
i=1
√
1− γ|i〉〈i|
Em =
√
γ|0〉〈m|, 1 ≤ m ≤ d− 1. (C16)
By applying amplitude damping noise on qudit c of state in equa-
tion (C2) we have:
Ω
(1)′
abc = Ec(Ω(1)abc)
=
1
d(2d− 1)
(
γ(d− 1)Π000 + Π0 ⊗ I ⊗Π0
+
∑
m=1
(√
1− γ(|0〉〈m|⊗3 + |m〉〈0|⊗3)
+ (1 + γ(d− 1))Πmm0
)
+
∑
m,n=1
(1− γ)|m〉〈n|⊗3
+
∑
m 6=n
∑
n=1
(
(1− γ)(Πmmn + Πnmn) + γΠnm0
))
(C17)
After applying inverse of CNOT on qudits b and c, state of three
qudits is as follows:
Ω
(2)′
abc =
d−1∑
m=0
pmΩ
(m)
ab ⊗ |m〉〈m|, (C18)
It is straightforward to show that when Bob measures qudit c in
computational basis, if outcome is |0〉 shared state between a and
b is entangled otherwise it is separable. Therefore by probability
p0 =
d+ (d− 1)γ
d(2d− 1) , (C19)
entangled state
Ω
(0)
ab =
1
d+ (d− 1)γ
((
1 + γ(d− 1))Π00
+
∑
m,n=1
(1− γ)|m〉〈n|⊗2
+
d−1∑
m=1
(
γΠm0 +
√
1− γ(|0〉〈m|⊗2 + |m〉〈0|⊗2)
))
(C20)
is shared between qudits a and b. Entanglement of this state is
given by
Na|b(Ω
(0)
ab ) =
d(1− γ)
d+ (d− 1)γ , 0 ≤ γ ≤ 1. (C21)
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FIG. 8. Average entanglement shared between qudits a and b (equation
(C22)), versus noise parameter γ for d = 2 (dashed red line), d = 3 (dot
dashed blue line) and d = 6 (solid green line).
Hence the average shared entanglement between a and b is equal
to:
N¯a|b(Ωab) = p0Na|b(Ω
(0)
ab ) =
1− γ
2d− 1 . (C22)
Furthermore the block-diagonal form of state in equation (C18)
and the same reasoning of section IV results that
Na|bc(Ω
(2)′
abc ) = Nb|ac(Ω
(2)′
abc ) = Na|bc(Ω
(1)′
abc ) = N¯a|b(Ωab).
(C23)
Hence while exchange particle is always in separable state with
rest of the system, since distillable entanglement between parti-
tions a|bc and b|ac is not vanishing due to the noise, it is possi-
ble to distribute distillable entanglement between distant qudits
by probabilistic EDSS protocol. Figure (8) shows average distil-
lable entanglement shared between qudits a and b versus noise
parameter γ for d = 2 (red dashed line), d = 3 (blue dash-dotted
line) and d = 6 (green solid line). For amplitude damping chan-
nel we see that as the dimension of the Hilbert state increases,
the amount of average entanglement distributed between qudits
a and b decreases.
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